Two identical charged particles released from rest repel each other radially. A uniform perpendicular magnetic field will then cause their trajectories to curve into a flower petal pattern. The orbit of each particle is approximately circular with a long period for a strong magnetic field, whereas it becomes a figureeight for a weak magnetic field with each lobe completed in a cyclotron period. For example, such radially bound motions arise for two-dimensional electron gases. The level of treatment is appropriate for an undergraduate calculus-based electromagnetism course.
Introduction
If two identical charged particles initially separated by a distance 2r 0 are released from rest then they will mutual repel each other, accelerate, and escape to infinity along diagonally opposite radial paths, with the origin midway between their initial positions. If a uniform external magnetic field of magnitude B is turned on prior to their release in a direction perpendicular to their initial axis of separation, the magnetic force acting on each of them will deflect their trajectories. How large does B have to be to keep the two particles from escaping to infinity? As shown in this article, no matter how weak B is (but provided it is nonzero), the two particles will reach some maximum radial distance r max from the origin and then symmetrically return toward it, with the two particles instantaneously coming back to rest when they are again separated by 2r 0 . The motion will then repeat, with the two particles continuously orbiting around the origin in the same clockwise or counter-clockwise sense (depending on the sign of their charge for a given direction of the magnetic field) so that they trace out a 'flower petal' pattern. The orbit of each particle will either close back on itself after some integral number of revolutions about the origin, or it will densely cover all points in the plane of motion between r 0 and r max over time without ever retracing itself. Such patterns are an interesting addition to the standard textbook cases of parabolic motion of a charge in a uniform electric field [1] , helical motion of a charge in a uniform magnetic field [1] , and cycloidal motion of a charge in crossed uniform electric and magnetic fields [2, 3] . Numerical exploration of the equations presented in this paper could make for an interesting student project.
A practical realisation of such motion occurs for two-dimensional electron gases in quantum wells, thin semiconductor devices, graphene sheets, or interfaces between certain materials. Application at low temperatures of a strong magnetic field perpendicular to the plane of motion leads to the quantum Hall effect [4, 5] . It may not even be necessary to apply an external magnetic field, because the nuclei in certain thin films produce strong fields of their own [6] .
Here it is assumed that the classical (i.e. nonquantum and nonrelativistic) laws of motion apply [7] . Furthermore, the direct magnetic interaction between the two particles is neglected.
(Each moving charge constitutes a current which, according to the Biot-Savart law, creates a magnetic field internal to the system of two particles that adds to the externally applied magnetic field. However, this internal magnetic field falls off rapidly with the inverse-squared distance of separation between the particles. Furthermore, when the particles are close to each other, they move along largely radial paths directly away from or toward each other and thus do not exert a magnetic force on each other.) The resulting motion in this case has been analysed previously using Lagrangian methods with the results expressed in terms of elliptic integrals [8] . The purpose of the present article is to use more introductory methods, with a special emphasis on proving that the motion remains bound no matter how small B is in value.
Intuitively, the reason that the particles cannot escape each other even in the limit of small (but constant) B is that at large distances their electric interaction gets weak while their speeds grow large 1 . Thus eventually the magnetic force becomes sufficiently dominant to turn the particles back toward the origin.
Derivation of the equations of motion
By symmetry, the trajectories of the two particles sketched in figure 1 are such that they always remain radially opposite the origin from each other. Thus it is sufficient to compute the path f ( ) r, of only the right-hand particle. Define the x-axis to point along the initial separation direction of the particles and the z-axis to be parallel to the external magnetic field. For specificity, assume the two particles are electrons of charge -e and mass m.
The time derivatives of the plane polar unit vectors are
using overdots to indicate total time derivatives of scalars. The position of the electron is = ˆ( ) r r r 2 1 As the radial separation between the particles increases, the electric repulsive force always does positive work.
Meanwhile the magnetic force does zero work. Thus the kinetic energy of each particle continuously increases as it moves from r 0 to r max .
and taking one and then two time derivatives of it respectively gives the velocity and acceleration of the particle as
2 using equation (1). The two forces on the electron are the internal electric repulsion
where k is the Coulomb constant, and the external magnetic force
B where the magnetic field is = B Bk with constant magnitude and direction. Newton's second law becomes
Substitute equation (3) into (6) and then that into the left-hand side of (7) together with (5); also substitute equation (4) into the right-hand side of (7). The radial component of the result is 
These are two coupled differential equations in the two unknowns ( ) r t and f ( ) t that give the orbit as a function of time t. Together with the initial conditions 
Solution of the equations of motion
The two equations (8) and (9) are second order. Their first integrals determine the angular speed w f º  and radial speed º  V r. These two speeds can be analytically computed as a function of the radial position r (rather than of the time t). That transformation of the independent variable is accomplished using the chain rule. First rewrite the angular acceleration as
so that equation (9) 
in terms of the dimensionless electric-to-magnetic coupling constant
The particles attain their maximum radial distance r max from the origin when = u 0. Let the corresponding value of s at that point be s max . According to equation (18),
This equation is to be solved for s max subject to the constraints that  c 0 and  s 1. As s increases from 1 to s max , u is given by the positive square root of equation (18). The ratio of ω to u is equal to w f f = = ( ) u t Similarly = u s t d d can be integrated to find the time required for the electron to reach a particular point in the first half of the first lobe of its orbit starting from its release point, cyclotron frequency because the electron will keep starting and stopping as it executes each lobe, so that it only makes slow progress around the origin. On the other hand, when the applied magnetic field is weak (such that  c 1), then the trajectory of each electron will consist in a figure-eight pattern of two circles distributed vertically about the origin, where each lobe is completed in a cyclotron period and the scaled radius is approximately c . 1 from the origin. Since the ratio of the internal electric field between the electrons to the external magnetic field acting on either electron always gets small for large enough distances of separation between the particles, their motion remains bound even if their speeds become relativistic [10] . This conclusion also holds true if one considers the interaction of a large number of electrons (rather than just a pair of them) in a magnetic field, a phenonemon known as 'dynamic binding' of a two-dimensional electron gas [11] . The cyclotron period becomes gT where γ is the relativistic Lorentz factor [12] .
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